nauty User’s Guide (V ersion 1.5)

Br endan D. McKay

Computer Scienc e Dep artment

A ustr alian National University

G. P. O. Box 4, A CT 2601

A ustr alia

Con ten ts.

0. Ho w to use this Guide.

1. In tro duction.

2. Outline of the algorithm.

3. Data structures.

4. Description of the pro cedure parameters.

5. In terpretation of the output.

6. Examples.

7. User-defined pro cedures.

8. V ertex-in v arian ts.

9. W riting programs whic h call nauty .

10. Installing nauty and dr e adnaut .

11. Efficiency .

12. The dr e adnaut program.

13. Recen t c hanges.

14. References.

A. A sample program whic h calls nauty .

0. Ho w to use this Guide. The dr e adnaut program pro vides sufficien t functionalit y that

most simple applications can b e managed without the need to write an y programs. Section 12

is in tended to b e a fairly self-con tained in tro duction to that lev el of use. Y ou should start

reading there; it will direct y ou to an y necessary information whic h app ears elsewhere.

If y ou wish to write C programs whic h call nauty , y ou don’t ha v e m uc h c hoice but to read

this Guide from start to finish. Ho w ev er, it isn’t really as hard as it sounds; see the example

in App endix A for an existen tial pro of.

1. In tro duction. nauty ( n o aut omorphisms, y es?) is a set of pro cedures for determining

the automorphism group of a v ertex-coloured graph. It pro vides this information in the form

of a set of generators, the size of the group, and the orbits of the group. It is also able to

pro duce a canonically-lab elled isomorph of the graph, to assist in isomorphism testing. The

mathematical basis for the algorithm is describ ed in [5]; only a broad outline is giv en here.

Note, ho w ev er, that a great n um b er of impro v emen ts ha v e b een made since the implemen tation

describ ed in [5].

This Guide describ es V ersion 1.5. The previous Guide, describing V ersion 1.2, app eared

in 1987. Useful ideas receiv ed from Greg Butler, Aaron Grosky , Andrew Kirk, Bill Ko ca y ,

Rudi Mathon, Kevin Malysiak, Mark Henderson, Neil Sloane and Don T a ylor are gratefully

ac kno wledged.

The author w ould appreciate receiving an y commen ts ab out the program and/or this

Guide, esp ecially ab out alleged bugs.

nauty is written in a highly p ortable subset of the language C. Curren tly , the follo wing

implemen tations are a v ailable:

(a) V AX11C and GCC compilers under VMS.

(b) Most C compilers under existing UNIX implemen tations, including BSD4.2, System V,

Ultrix and A U/X.

(c) Ligh tSp eed C, THINK C, Aztec C and W orkshop (MPW) C compilers on the Apple

Macin tosh.

(d) Lattice C compiler on the Commo dore Amiga.

(e) Microsoft C and T urb o C compilers on the IBM PC.

(f ) The default C compiler on a Cra y .

Other systems w ould b e easy to add. In fact, most differences other than w ord-size v aria-

tions for the implemen tations ab o v e o ccur in minor features of the dr e adnaut program (see

Section 12).

2. The Algorithm. Throughout this do cumen t, a gr aph is a simple graph with n v ertices

lab elled 0 , 1 , . . . , n − 1. Digraphs, and graphs with lo ops, can also b e handled correctly (see

Section 4), but w e will not men tion them m uc h. The v ertex set of a graph G is denoted b y

V = V ( G ).

The terms c olouring and p artition will b e used in terc hangeably to denote a partition of

V in to disjoin t non-empt y c olour classes or c el ls . The order of the cells is significan t, but

the order of the v ertices within eac h cell is not. If π

1 and π

2 are partitions, then π

1 is not

c o arser than π

2 if ev ery cell of π

1 is a subset of some cell of π

2

. A singleton c el l is a cell with

cardinalit y one, while a discr ete partition is one with only singleton cells.

Let G b e a graph, γ a p erm utation of V , v ∈ V , W ⊆ V , and π = ( V

0

, V

1

, . . . , V

k

) a

partition of V . Then v γ

is the image of v under γ , W γ

= { w γ

| w ∈ W } , G γ

is the graph in

whic h v ertices x γ

and y γ

are adjacen t iff x and y are adjacen t in G , and π γ

is the partition

( V γ

0

, V γ

1

, . . . , V γ

k

).

The automorphism gr oup of a coloured graph ( G, π ) is the set of all p erm utations γ suc h

that G γ

= G and π γ

= π . Since the order of cells in partitions is significan t, the last condition

means that γ fixes the cells of π set wise (i.e., γ is c olour pr eserving ). In the ma jorit y of

applications, π has only one cell V , so w e get the usual automorphism group.

If π = ( V

0

, V

1

, . . . , V

k

) is a partition of { 0 , 1 , . . . , n − 1 } , then c ( π ) is the partition

( { 0 , 1 , . . . , | V

0

| − 1 } , { | V

0

| , . . . , | V

0

| + | V

1

| − 1 } , . . . , { n − | V

k

| , . . . , n − 1 } ). Th us, c ( π ) is in-

dep enden t of π except that it has the same cell sizes in the same order.

A c anonic al lab el ling map is a function C suc h that, for an y graph G , partition π of V ,

and p erm utation γ of V , w e ha v e

(a) C ( G, π ) = G δ

for some p erm utation δ suc h that π δ

= c ( π ), and

(b) C ( G γ

, π γ

) = C ( G, π ).

The usefulness of a canonical lab elling map is as follo ws.

Theorem. Supp ose the gr aphs G

1 and G

2 ar e c olour e d using the same numb er of vertic es of

e ach c olour. Then C ( G

1

, π

1

) = C ( G

2

, π

2

) iff G γ

1

= G

2 for some c olour-pr eserving p ermutation

γ . (Her e, π

1 and π

2 ar e the c olourings, with the c olours in the same or der in e ach.)

Let G b e a graph and π a partition of V with cells V

0

, V

1

, . . . , V

k

. Then π is e quitable

(with resp ect to G ) if there are n um b ers d

ij suc h that eac h v ertex in V

i is adjacen t to precisely

d

ij v ertices in V

j

, for 0 ≤ i, j ≤ k . Up to the order of the cells, there is a unique coarsest

equitable partition whic h is not coarser than an y giv en partition.

The algorithm used b y nauty is a bac ktrac k program whic h can b e describ ed in terms of

the usual asso ciated searc h tree. W e will refer to the no des of the tree to a v oid confusion with

the vertic es of G . The ro ot of the tree is asso ciated with the initial colouring of G and the

coarsest equitable partition π

′

whic h is not coarser than it. If π

′

is discrete, the automorphism

0

1

2

3

4

5

[ 3 4 5 | 0 1 2 ]

[ 3 | 4 5 | 1 2 | 0 ] [ 4 | 3 5 | 0 2 | 1 ]

[ 3 | 4 | 5 | 2 | 1 | 0 ] [ 3 | 5 | 4 | 1 | 2 | 0 ] [ 4 | 3 | 5 | 2 | 0 | 1 ]

3 4

4 5 3

Figur e One

group is trivial and w e can obtain C ( G, π ) b y lab elling the v ertices of G in the order that they

app ear in the partition. Supp ose more generally that equitable partition π

′

is asso ciated with

some no de ν of the tree. If π

′

is discrete, then ν has no c hildren. If π

′

is not discrete, let C b e

a non-singleton cell of it. This is called the tar get c el l for this no de. F or eac h v ertex v ∈ C w e

ha v e a c hild of ν asso ciated with the partition got from π

′

b y replacing the cell C b y the pair

of cells { v } and C − { v } , in that order. The c hildren of ν are generated in ascending order of

the lab els on the v ertices of C .

An y no de of the tree for whic h the equitable partition is discrete corresp onds to a lab elling

of G , as describ ed ab o v e. Automorphisms of the graph are found b y noticing that t w o suc h

lab ellings giv e the same lab elled graph. The canonical lab elling map corresp onds to one of

these lab ellings, c hosen according to a complicated sc heme for whic h y ou will ha v e to consult [5]

or the source co de.

Except in particularly simple cases, only some of the tree is actually generated. The other

parts of the tree are either sho wn to b e equiv alen t to parts already generated, or sho wn to b e

unin teresting. Again, see [5] for details.

V ersion 1.0 of nauty c hose the target cell to b e the first non-singleton cell of the smallest

size. W ork b y Andrew Kirk [2] demonstrated that in practice this sc heme is almost alw a ys

inferior to c ho osing the first non-singleton cell regardless of size, so that sc heme is no w used b y

default. Ho w ev er, to accommo date some classes of esp ecially difficult graphs, another sc heme

is pro vided as an option. See the discussion of the tc level field of the options parameter in

Section 4.

In Figure One, w e sho w an example of the part of the tree whic h is actually generated.

The no des are represen ted b y their equitable partitions, assuming that the original colouring

only used one colour. The target cells are underlined and the n um b ers on the tree edges giv e

the elemen ts of the target cells whic h are b eing fixed. In this example, all the lea v es are

equiv alen t and corresp ond to the automorphisms (1), (1 2)(4 5), and (0 1)(3 4), resp ectiv ely .

3. Data Structures. A setword is a c h unk of memory of either 16, 32 or 64 bits, dep ending

on the compile-time parameter W ORDSIZE.

A set (b y whic h w e alw a ys mean a subset of V = { 0 , 1 , . . . , n − 1 } ) is represen ted b y an

arra y of m setword s, where m is some n um b er suc h that W ORDSIZE × m ≥ n . The bits

of a set are n um b ered 0 , 1 , . . . , n − 1 left to righ t, ignoring all but the righ tmost (lo w-order)

W ORDSIZE bits of eac h setword , and an y left-o v er bits at the end. Bits whic h don’t get

n um b ers are called “unn um b ered” and are assumed p ermanen tly zero. A set represen ts the

subset { i | bit i is non-zero } .

A graph is represen ted b y an arra y of n set s. The i -th set giv es the v ertices to whic h

v ertex i is adjacen t, for 0 ≤ i < n .

A permutation of V is represen ted b y an arra y of n short int s, the i -th en try giving

the image of i under the p erm utation.

An nvector is an y arra y of n in t s.

boolean is a synon ym for int , but the differen t name is in tended to encourage y ou to

restrict the v alues to either TR UE or F ALSE.

The structured t yp es optionblk and statsblk , are describ ed b elo w. All these t yp es are

defined in the file nauty.h .

Note that t yp es lik e set actually refer to the elemen ts of the arra ys (in this case setword )

rather than the arra ys themselv es. This is done b ecause the lengths of the arra ys are not kno wn

in adv ance. W e use set rather than setword purely for self-do cumen tation purp oses.

4. P arameters. Upp ercase names lik e ‘MAXM’ are parameters defined in the file nauty.h .

A call to nauty has the form

nauty ( g , lab , ptn , active , orbits , options , stats , worksp ac e , worksize , m , n , c anong )

where the parameters ha v e meanings as defined b elo w.

graph ∗ g : The input graph. Read-only .

nvector ∗ lab, ∗ ptn : Tw o arra ys of n en tries. Their use dep ends on the v alues of sev eral

options. If options.defaultptn = TR UE, the input v alues are ignored; otherwise, they

define the initial colouring of the graph (see b elo w). If options.getc anon = TR UE,

the v alue of lab on return is the canonical lab elling of the graph. Precisely , it lists the

v ertices of g in the order in whic h they need to b e relab elled to giv e c anong . Irresp ectiv e

of options.getc anon , neither lab nor ptn is c hanged b y enough to c hange the colouring.

(Recall that the order of the v ertices within the cells is irrelev an t.) Read-W rite.

set ∗ active : An arra y of m setword s sp ecifying the colours whic h are initially activ e. A

brief outline of what this means is giv en b elo w. This argumen t is rarely used; nauty

will alw a ys w ork correctly if giv en the nil p oin ter NILSET. Read-only .

nvector ∗ orbits : An arra y of n en tries to hold the orbits of the automorphism group. When

nauty returns, orbits [ i ] is the n um b er of the least-n um b ered v ertex in the same orbit

as i , for 0 ≤ i ≤ n − 1. W rite-only .

optionblk ∗ options : A structure giving a list of options to the pro cedure. See b elo w for

their meanings. Read-only .

statsblk ∗ stats : A structure used b y nauty to pro vide a list of pieces of information ab out

what it did. See b elo w for their meanings. W rite-only .

setword ∗ worksp ac e, worksize : The address and length of an in teger arra y used b y nauty for

w orking storage. There is no minim um requiremen t for correct op eration, but the effi-

ciency ma y suffer if not m uc h is pro vided. A v alue of worksize ≥ 50 m is recommended.

W rite-only and Read-only , resp ectiv ely .

int m, n : The n um b er of setword s in set s and the n um b er of v ertices, resp ectiv ely . It m ust

b e the case that 1 ≤ m ≤ MAXM , 1 ≤ n ≤ MAXN and 1 ≤ n ≤ m × W ORDSIZE .

Read-only .

graph ∗ c anong : The canonically lab elled isomorph of g pro duced b y nauty . This argumen t

is ignored if options.getc anon = F ALSE, in whic h case the nil p oin ter NILGRAPH can

b e giv en as the actual parameter. W rite-only .

The initial colouring of the graph is determined b y the v alues of the arra ys lab , ptn and

the flag options.defaultptn . If options.defaultptn = TR UE, the con ten ts of lab and ptn are set

b y nauty so that ev ery v ertex has the same colour. If not, they are assumed to ha v e b een set

b y the user. In this case, lab should con tain a list of all the v ertices in some order suc h that

v ertices with the same colour are con tiguous. The ends of the colour-classes are indicated b y

zeros in ptn . In sup er-precise terms, eac h cell has the form { lab [ i ] , lab [ i + 1] , . . . , lab [ j ] } where

[ i, j ] is a maximal subin terv al of [0 , n − 1] suc h that ptn [ k ] > 0 for i ≤ k < j and ptn [ j ] = 0.

(In the terminology defined in Section 7, this is the “partition at lev el 0”.) An example is

giv en in Section 6.

The concept of active c el ls is used b y the pro cedure whic h finds the coarsest equitable

partition not coarser than a giv en partition. The details are giv en in [5], where the activ e

cells are in a sequence called α . In this implemen tation, a set rather than a sequence is used.

If options.defaultptn = TR UE, or active = NILSET, ev ery colour is activ e. This will alw a ys

w ork, and so is recommended if y ou don’t w an t to b e a smart-arse. If options.defaultptn =

F ALSE and active ≠ NILSET, the elemen ts of active indicate the indices (0.. n − 1) where the

activ e cells start in lab and ptn (see ab o v e). Theorem 2.7 of [5] giv es some sufficien t conditions

for active to b e v alid. If these conditions are not met, an ything migh t happ en. The most

common places where this feature ma y sa v e a little time are:

(a) If the initial colouring is kno wn to b e already equitable, active can b e the empt y set.

(Don’t confuse this with NILSET, whic h is a nil p oin ter of t yp e set ∗ ).

(b) If the graph is regular and the colouring has exactly t w o cells, active can indicate just

one of them (the smallest for b est efficiency).

If nauty is used to test t w o graphs for isomorphism, it is essen tial that exactly the same v alue

of active b e used for eac h of them. Y ou should also not assume that nauty will yield iden tical

results if run on a differen t mac hine or compiled with a differen t compiler.

The v arious fields of the structure options are as follo ws: All of these fields are Read-Only .

boolean getc anon : If this is TR UE, the canonically lab elled isomorph c anong is pro duced,

and lab is set to indicate the canonical lab el, as describ ed ab o v e. Otherwise, only the

automorphism group is determined. Sometimes, differen t generators of the automor-

phism group are found if this option is selected; of course, the group they generate is

the same.

boolean digr aph : This m ust b e TR UE if the graph has an y directed edges or lo ops. It has

the effect of turning off some heuristics whic h are only v alid for simple graphs. If no

directed edges or lo ops are presen t, selecting is option is legal but ma y degrade the

p erformance sligh tly .

boolean write automs : If this is TR UE, generators of the automorphism group will b e written

to the file outfile (see b elo w). The format will dep end on the settings of options

c artesian and linelength (see b elo w, again). More details on what is written can b e

found in Section 5.

boolean writemarkers : If this is TR UE, extra data ab out the automorphism group genera-

tors will b e written to the file outfile (see b elo w). An explanation of what these data

are can b e found in Section 5.

boolean defaultptn : This has b een fully explained ab o v e.

boolean c artesian : If write automs = TR UE, the v alue of this option effects the format in

whic h automorphisms are written. If c artesian = TR UE, the output for an automor-

phism γ is the sequence of n um b ers “1 γ

2 γ

. . . ( n − 1) γ

”. If c artesian = F ALSE, the

output is the usual cyclic represen tation of γ , for example “(2 5 6)(3 4)”.

int linelength : The v alue of this v ariable sp ecifies the maxim um n um b er of c haracters p er

line (excluding end-of-line c haracters) whic h ma y b e written to the file outfile (see

b elo w). Actually , it is ignored for the output selected b y the option writemarkers , but

that nev er has more than ab out 65 c haracters p er line an yw a y .

FILE ∗ outfile : This is the file to whic h the output selected b y the options write automs

and writemarkers is sen t. It m ust b e already op en and writable. The nil p oin ter

(FILE ∗ )NULL is equiv alen t to stdout.

UPROC ( ∗ userr efpr o c )(): This is a p oin ter to a user-defined pro cedure whic h is to b e called

in place of the default refinemen t pro cedure. Section 7 has details. If the v alue is

NILFUNCTION, the default refinemen t pro cedure is used.

UPROC ( ∗ user autompr o c )(): This is a p oin ter to a user-defined pro cedure whic h is to b e called

for eac h generator. Section 7 has details. No calls will b e made if the v alue is NIL-

FUNCTION.

UPROC ( ∗ userlevelpr o c )(): This is a p oin ter to a user-defined pro cedure whic h is to b e called

for eac h no de in the leftmost path do wn w ards from the ro ot, in b ottom to top order.

Section 7 has details. No calls will b e made if the v alue is NILFUNCTION.

UPROC ( ∗ userno depr o c )(): This is a p oin ter to a user-defined pro cedure whic h is to b e called

for eac h no de of the tree. Section 7 has details. No calls will b e made if the v alue is

NILFUNCTION.

UPROC ( ∗ usertc el lpr o c )(): This is a p oin ter to a user-defined pro cedure whic h is to b e called

in place of the default routine whic h c ho oses a target cell. Section 7 has details. If the

v alue is NILFUNCTION, the default routine is used.

UPROC ( ∗ invarpr o c )(): This is a p oin ter to a v ertex-in v arian t pro cedure. See Section 8 for a

discussion of v ertex-in v arian ts. No calls will b e made if the v alue is NILFUNCTION.

int tc level : Tw o rules are a v ailable to c ho ose target cells. On lev els up to lev el tc level ,

inclusiv e, an exp ensiv e but (empirically) highly effectiv e rule is used. (The ro ot of the

searc h tree is at lev el one.) A t deep er lev els, a c heap er rule is used. The c heap rule

is p erfectly adequate except for particularly difficult graphs, suc h as Hadamard-matrix

graphs and pro jectiv e-plane graphs. F or suc h difficult graphs, a v alue of ab out 4 is

recommended. F or easier graphs, use 0.

int mininvarlevel : The absolute v alue giv es the minim um lev el at whic h invarpr o c will b e

applied. (The ro ot of the searc h tree is at lev el one.) If options . getc anon = F ALSE, a

negativ e v alue indicates that the minim um lev el will b e automatically set b y nauty to

the least lev el in the left-most path in the searc h tree where invarpr o c is applied and

refines the partition. If options . getc anon = TR UE, the sign is ignored. A v alue of 0

indicates no minim um lev el.

int maxinvarlevel : The absolute v alue giv es the maxim um lev el at whic h invarpr o c will b e

applied. (The ro ot of the searc h tree is at lev el one.) If options . getc anon = F ALSE, a

negativ e v alue indicates that the maxim um lev el will b e automatically set b y nauty to

the least lev el in the left-most path in the searc h tree where invarpr o c is applied and

refines the partition. If options . getc anon = TR UE, the sign is ignored. A v alue of 0

effectiv ely disables invarpr o c .

int invar ar g : This lev el is passed b y nauty to the v ertex-in v arian t pro cedure invarpr o c ,

whic h migh t use it for an y purp ose it pleases.

groupblk ∗ gr oup opts : This is a place-holder for future enhancemen ts to nauty .

Some of the fields in the options argumen t ma y c hange the canonical lab elling pro duced

b y nauty . These are fields digr aph , defaultptn , tc level , userr efpr o c , usertc el lpr o c , invarpr o c ,

mininvarlevel , maxinvarlevel and invar ar g . If nauty is used to test t w o graphs for isomorphism,

it is imp ortan t that the same v alues of these options b e used for b oth graphs.

The v arious fields of the structure stats are set b y nauty . Their meanings are as follo ws:

double grpsize1 , int grpsize2 : The order of the automorphism group is equal to grpsize1 ×

10 grpsize2

, within rounding error. If the exact size of a v ery large group is needed, it

can b e calculated from the output selected b y the writemarkers option. See Section 5.

int numorbits : The n um b er of orbits of the automorphism group.

int numgener ators : The n um b er of generators found.

int errstatus : If this is nonzero, an error w as detected b y nauty . The p ossible nonzero

v alues are:

MTOOBIG: m > MAXM

NTOOBIG: n > MAXN or n > W ORDSIZE × m

CANONGNIL: c anong = NILGRAPH, but options.getc anon = TR UE.

long numno des : The total n um b er of tree no des generated.

long numb ad le aves : The n um b er of lea v es of the tree whic h w ere generated but w ere useless

in the sense that no automorphism w as thereb y disco v ered and the curren t-b est-guess

at the canonical lab elling w as not up dated.

int maxlevel : The maxim um lev el of an y generated tree no de. The ro ot of the tree is on

lev el one.

long tctotal : The total size of all the target cells in the searc h tree. The difference b et w een

this v alue and numno des pro vides an estimate of the efficiency of nauty ’s searc h-tree

pruning.

long c anup dates : The n um b er of times the program’s idea of the “b est candidate for canon-

ical lab el” w as up dated, including the original one.

long invapplics : The n um b er of no des at whic h the v ertex-in v arian t w as applied.

long invsuc c esses : The n um b er of no des at whic h the v ertex-in v arian t succeeded in refining

the partition more than the refinemen t pro cedure did.

int invarsuclevel : The least lev el of the no des in the tree at whic h the v ertex-in v arian t

succeeded in refining the partition more than the refinemen t pro cedure did. The v alue

is zero if the v ertex-in v arian t w as nev er successful.

In addition to their parameters, the output routines of nauty resp ect the v alue of the

global int v ariable lab elor g . If the v alue of lab elor g is k , the output routines pretend that the

v ertices of the graph are n um b ered k , k + 1 , . . . , n + k − 1, ev en though they are in ternally

n um b ered 0 , 1 , . . . , n − 1. By default, k = 0. Only non-negativ e v alues are supp orted.

5. Output. If options.write automs = TR UE or options.writemarkers = TR UE, information

concerning the automorphism group is written to the file options.outfile .

Let Γ b e the automorphism group, and let Γ

v

1

,v

2

, ... ,v

k b e the p oin t-wise stabiliser in Γ of

v

1

, v

2

, . . . , v

k

. The output has the follo wing general form:

γ

( k )

1

γ

( k )

2

.

.

.

γ

( k )

t

k

level k : c

k cells; r

k orbits; v

k fixed; index i

k

/ j

k

γ

( k − 1)

1

γ

( k − 1)

2

.

.

.

γ

( k − 1)

t

k − 1 level k − 1 : c

k − 1 cells; r

k − 1 orbits; v

k − 1 fixed; index i

k − 1

/ j

k − 1

.

.

.

level 2: c

2 cells; r

2 orbits; v

2 fixed; index i

2

/ j

2

γ

(1)

1

γ

(1)

2

.

.

.

γ

(1)

t

1

level 1: c

1 cells; r

1 orbits; v

1 fixed; index i

1

/ j

1

Here, v

1

, v

2

, . . . , v

k is a sequence of v ertices suc h that Γ

v

1

,v

2

, ... ,v

k is trivial. The γ

( j )

i are

automorphisms. F or 1 ≤ l ≤ k , the follo wing are true.

(a) Γ

v

1

,v

2

, ... ,v

l − 1 is generated b y the automorphisms γ

( j )

i for l ≤ j ≤ k and 1 ≤ i ≤ t

j

.

(b) Γ

v

1

,v

2

, ... ,v

l − 1 has r

l orbits and order i

1 i

2

· · · i

l

.

(c) c

l is the n um b er of cells in the equitable partition at the ancestor at lev el l of the first

leaf of the tree, j

l is the n um b er of v ertices in the target cell of the same no de, v

l is the first

v ertex in that cell, and i

l is the n um b er of v ertices of that cell whic h are equiv alen t to v

l

.

(d)

∑

k

i = l t

i

≤ n − r

l

. This follo ws from the fact that the n um b er of orbits of the group

generated b y all the automorphisms found to up to an y momen t decreases as eac h new auto-

morphism is found. In particular, this means that the total n um b er of generators found is at

most n − 1. Usually , it is m uc h less.

The mark ers “ level... ” are only written if options.writemarkers = TR UE. In the com-

mon circumstance that c

l

= r

l

, “ c

l cells; ” is omitted. Similarly , “ / j

l

” is omitted if j

l

= i

l

.

Note that i

l

= 1 is p ossible for more difficult graphs. F urther information ab out the generators

can b e found in Theorem 2.34 of [5].

6. Examples.

All of the follo wing examples w ere run without the use of a v ertex-in v arian t.

Example 1:

g =

0 1

2 3

4

5

6 7

options [ getc anon = F ALSE, digr aph = F ALSE, write automs = TR UE, writemarkers = TR UE,

defaultptn = TR UE, c artesian = F ALSE, linelength = 78, tc level = 0].

output:

(2 5)(3 4)

level 3: 6 orbits; 3 fixed; index 2

(1 3)(5 7)

level 2: 4 orbits; 1 fixed; index 3

(0 1)(2 3)(4 5)(6 7)

level 1: 1 orbit; 0 fixed; index 8

orbits = (0,0,0,0,0,0,0,0), stats [ grpsize1 = 48.0, grpsize2 = 0, numorbits = 1, numgener ators

= 3, numno des = 10, numb ad le aves = 0, maxlevel = 4].

Explanation of output: Let γ

1

, γ

2 and γ

3 b e the three automorphisms found, in the order written. Let Γ b e the automorphism group. Then

Γ

0 , 1 , 3

= { (1) }

Γ

0 , 1

= ⟨ γ

1

⟩ with 6 orbits and order 2

Γ

0

= ⟨ γ

1

, γ

2

⟩ with 4 orbits and order 2 × 3 = 6

Γ = ⟨ γ

1

, γ

2

, γ

3

⟩ with 1 orbit and order 6 × 8 = 48 .

Example 2:

g =

0 1

2 3

4

5

6 7

lab = (2,0,1,3,4,5,6,7), ptn = (0,1,1,1,1,1,1,0), active = NILSET,

options [ getc anon = F ALSE, digr aph = F ALSE, write automs = TR UE, writemarkers = TR UE,

defaultptn = F ALSE, c artesian = TR UE, linelength = 78, tc level = 0].

output:

5 1 2 6 4 0 3 7

level 2: 6 orbits; 3 fixed; index 2

0 3 2 1 4 7 6 5

level 1: 4 orbits; 1 fixed; index 3

orbits = (0,1,2,1,4,0,1,0), stats [ grpsize1 = 6.0, grpsize2 = 0, numorbits = 4, numgener ators =

2, numno des = 6, numb ad le aves = 0, maxlevel = 3].

In this example w e ha v e set lab , ptn and options.defaultptn so that v ertex 2 is fixed. The

automorphisms w ere written in the “cartesian” represen tation, whic h w ould probably only b e

useful if they w ere going to b e fed to another program. The v alue of orbits on return indicates

that the orbits of the group are { 0 , 5 , 7 } , { 1 , 3 , 6 } , { 2 } and { 4 } .

Example 3:

g =

0 2

1

4 5

6 3

9 10

11

7

8

options [ getc anon = TR UE, digr aph = F ALSE, write automs = TR UE, writemarkers = TR UE,

defaultptn = TR UE, linelength = 78, tc level = 0].

output:

(8 11)(9 10)

level 6: 10 orbits; 8 fixed; index 2

(7 8)(9 11)

level 5: 8 orbits; 7 fixed; index 5

(4 6)

level 4: 7 orbits; 4 fixed; index 2

(3 4)(5 6)

level 3: 4 cells; 5 orbits; 3 fixed; index 4/9

(1 2)

level 2: 3 cells; 4 orbits; 1 fixed; index 2

(0 1)

level 1: 1 cell; 3 orbits; 0 fixed; index 3/12

orbits = (0,0,0,3,3,3,3,7,7,7,7,7), stats [ grpsize1 = 480.0, grpsize2 = 0, numorbits = 3, numgen-

er ators = 6, numno des = 40, numb ad le aves = 2, maxlevel = 7], lab = (3,4,6,5,7,8,11,9,10,0,1,2).

c anong =

9 11

10

1 3

2 0

7 8

6

4

5

Example 4:

g =

9 10

11

5 8

7 6

0 1

2

3

4

options [ getc anon = TR UE, digr aph = F ALSE, write automs = F ALSE, writemarkers = F ALSE,

defaultptn = TR UE, tc level = 0].

No output written.

orbits = (0,0,0,0,0,5,5,5,5,9,9,9), stats [ grpsize1 = 480.0, grpsize2 = 0, numorbits = 3,

numgener ators = 6, numno des = 41, numb ad le aves = 3, maxlevel = 7],

lab = (5,6,8,7,0,1,4,2,3,9,10,11).

c anong =

9 10

11

0 2

3 1

4 5

7

8

6

,

whic h is iden tical to the resulting c anong in Example 3.

The output for examples 3 and 4 ma y v ary a little b et w een implemen tations.

7. User-defined pro cedures. Pro vision is made for fiv e pro cedures defined b y the user

to b e called at v arious times during the pro cessing. This will b e done if p oin ters to them

are passed in the userr efpr o c , user autompr o c , userno depr o c , userlevelpr o c and/or usertc el lpr o c

fields of options (see Section 4). In all cases, a v alue of NILFUNCTION will result in sensible

default action.

These pro cedures ha v e man y parameters in common; w e will describ e the most imp ortan t

of these here. Unless the individual pro cedure descriptions sp ecify otherwise, they should b e

treated as Read-Only .

graph ∗ g ; int m , n : These are the argumen ts of the same name passed to nauty . nauty has

not c hanged them. See Section 4 for their meanings.

int level : The lev el of the curren t no de. The ro ot of the searc h tree has lev el one.

nvector ∗ lab , ∗ ptn: Arra ys of length n giving partitions asso ciated with eac h of the no des

along the path from the ro ot of the tree to the curren t no de. These are the parameters of the same name passed to nauty , but nauty has mo dified their con ten ts as describ ed

b elo w.

Supp ose that w e are curren tly at lev el l of the searc h tree. Let ν

1

, ν

2

, . . . , ν

l b e the path

in the tree from the ro ot ν

1 to the curren t no de ν

l

. The “partition at lev el i ” is a partition

π

i asso ciated with no de ν

i

. The partition originally passed to nauty , implicitly or explicitly ,

is the “partition at lev el 0”, denoted b y π

0

. The complete partition nest π

0

, π

1

, . . . , π

l is held

in lab and ptn th us:

(a) lab holds a p erm utation of { 0 , 1 , . . . , n − 1 } .

(b) F or 0 ≤ t ≤ l , the partition π

t has as cells all the sets of the form { lab [ i ] , lab [ i + 1] ,

. . . , lab [ j ] } , where [ i, j ] is a maximal subin terv al of [0 , n − 1] suc h that ptn [ k ] > t for i ≤ k < j

and ptn [ j ] ≤ t .

(c) Ev ery en try of ptn whic h is not less than or equal to l is equal to INFINITY.

F or example, sa y n = 10, l = 3, π

0

= [0 , 2 , 4 , 5 , 6 , 7 , 8 , 9 | 1 , 3], π

1

= [0 , 2 , 4 , 6 | 5 , 7 , 8 , 9 | 1 , 3],

π

2

= [0 , 2 , 4 , 6 | 8 | 5 , 7 , 9 | 3 | 1], and π

3

= [4 , 6 | 0 , 2 | 8 | 5 , 7 , 9 | 3 | 1]. Then the con ten ts of lab and ptn

ma y b e

lab : 4 6 2 0 8 7 5 9 3 1

ptn : ∞ 3 ∞ 1 2 ∞ ∞ 0 2 0

The order of the v ertices within the cells of π

l is arbitrary .

W e will refer to the partition at lev el l as “the curren t partition”.

(a) userr efpr o c ( g , lab , ptn , level , numc el ls , c ount , active , c o de , m , n )

This is a pro cedure to replace the default partition-refinemen t pro cedure, and is called

for eac h no de of the tree. The partition asso ciated with the no de is the “partition at lev el

level ”, whic h is defined ab o v e.

The parameters passed are as follo ws.

g,m,n,lab,ptn,level : As ab o v e. The parameters lab and ptn ma y b e altered b y this pro cedure

to the exten t of making the curren t partition finer. The partitions at higher lev els m ust

not b e altered.

int ∗ numc el ls : The n um b er of cells in the curren t partition. This m ust b e up dated if the

n um b er of cells is increased.

permutation ∗ c ount : This is the address of an arra y of n short int s whic h can b e used as

scratc h space.

set ∗ active : The set of activ e cells. This is not the same as the parameter of the same name

passed to nauty , but has the same meaning and purp ose. See Section 4.

int ∗ c o de : This m ust b e set to a lab elling-indep enden t v alue whic h is an in v arian t of the

partition at this lev el b efore or after refinemen t. (Example: the n um b er of cells.) It is

essen tial that equiv alen t no des ha v e the same co de. The v alue assigned m ust b e less

than INFINITY.

The op eration of refining the curren t partition in v olv es p erm uting the v ertices (i.e., en tries

of lab ) within a cell, and then breaking it in to sub cells b y c hanging the appropriate en tries of

ptn to level .

The v alidit y of nauty requires that the op eration p erformed b e en tirely indep enden t of the

lab elling of the graph. Th us, if userr efpr o c is called with g and lab relab elled consisten tly and

the same v alues of ptn and active , then the final v alues of ptn and active should b e the same,

and the final v alue of lab should b e the same but relab elled in the same w a y (remem b ering

alw a ys that the order of v ertices within the cells do esn’t matter). It is also necessary that

no des of the tree whic h ma y b e equiv alen t m ust b e treated equiv alen tly . T o b e safe, regard

an y no des on the same lev el as p ossibly equiv alen t.

It is desirable (but not compulsory) that the partition returned is equitable. If necessary ,

this can b e done b y calling the default refinemen t pro cedure r efine , whic h has the same

parameter list. If equitablilit y cannot b e ensured, mak e sure that options . digr aph = TR UE.

The usefulness of userr efpr o c has declined since v ertex-in v arian ts w ere in tro duced (see

Section 8).

(b) userno depr o c ( g , lab , ptn , level , numc el ls , tc , c o de , m , n )

This is called once for ev ery no de of the tree, after the partition has b een refined.

The parameters passed are as follo ws. T reat all of them as Read-only .

g,m,n,lab,ptn,level : As ab o v e.

int numc el ls : The n um b er of cells in the curren t partition.

int tc : If nauty has determined that c hildren of this no de need to b e explored, tc is the

index in lab of where the target cell starts. Otherwise, it is − 1.

int c o de : This is the co de pro duced b y the refinemen t and v ertex-in v arian t pro cedures while

refining this partition.

(c) user autompr o c ( c ount , p erm , orbits , numorbits , stabvertex , n )

This is called once for eac h generator of the automorphism group, in the same order

as they are written (see Section 5). It is pro vided to facilitate suc h tasks as storing the

generators for later use, writing them in some un usual manner, or con v erting them in to another

represen tation (for example, in to their actions on the edges).

Supp ose the generator is γ = γ

( j )

i

, in the notation of Section 5. Then the parameters

ha v e meanings as b elo w. T reat them all as Read-only .

int c ount : The ordinal of this generator. The first is n um b er 1.

permutation ∗ p erm : The generator γ itself. F or 0 ≤ i < n , p erm [ i ] = i γ

.

nvector ∗ orbits ; int numorbits : The orbits and n um b er of orbits of the group generated

b y all the generators found so far, including this one. See Section 4 for the format of

orbits .

int stabvertex : The v alue v

j

, as defined in Section 5.

int n : The n um b er of v ertices, as usual.

(d) userlevelpr o c ( lab , ptn , level , orbits , stats , tv , index , tc el lsize , numc el ls , childc ount , n )

This is called once for eac h no de on the leftmost path do wn w ards from the ro ot, in b ottom

to top order. It corresp onds to the mark ers “ level ... ”, whic h are describ ed in Section 5,

except that an additional, initial, call is made for the first leaf of the tree. The purp ose is to

pro vide more information than is pro vided b y the mark ers, in a manner whic h enables it to b e

stored for later use, etc.. The parameters passed are as follo ws. T reat them all as Read-only .

lab,ptn,level,n : As ab o v e. The v alues of level will decrease b y one for eac h call, reac hing one

for the final call.

Supp ose that the v alue of level is l .

nvector ∗ orbits : The orbits of the group generated b y all the automorphisms found so far.

See Section 4 for the format. In the notation of Section 5, orbits giv es the orbits of the

stabiliser Γ

v

1

,v

2

, ... ,v

l − 1

.

statsblk ∗ stats : The meaning is as giv en in Section 4, except that it applies to the group

generated b y all the automorphisms found so far, that is to Γ

v

1

,v

2

, ... ,v

l − 1

. Only the

fields whic h refer to the group can b e assumed correct.

int tv , index , tc el lsize , numc el ls : In the notation of Section 5, these are the v alues of v

l

, i

l

,

j

l and c

l

, resp ectiv ely . F or the first call, their v alues are 0, 1, 1 and n , resp ectiv ely .

int childc ount : This is the n um b er of c hildren of the no de at lev el level on the first path

do wn the tree whic h w ere actually generated.

The condition numc el ls = n can b e used to iden tify the first call.

(e) usertc el lpr o c ( g , lab , ptn , level , numc el ls , tc el l , tc el lsize , c el lp os , tc level , hint , m , n )

This is a replacemen t for the default pro cedure called on to c ho ose a target cell. It is called

for ev ery no de for whic h nauty has decided c hildren m ust b e generated, after the partition

has b een refined.

The parameters are as follo ws. Only tc el l , tc el lsize and c el lp os ma y b e altered.

g,m,n,lab,ptn,level : As ab o v e.

int numc el ls : The n um b er of cells in the curren t partition.

set ∗ tc el l : This is the address of a set of m setword s whic h m ust b e set b y the pro cedure

to con tain just those v ertices in the target cell.

int ∗ tc el lsize : This m ust b e set b y the pro cedure to the size of the target cell.

int ∗ c el lp os : This m ust b e set b y the pro cedure to the p osition in lab where the target cell

starts.

int tc level : The v alue of the field of the same name in the options parameter passed to

nauty .

int hint : If this is ≥ 0, it is a suggestion from nauty of a go o d v alue for c el lp os (and th us

for tc el l and tc el lsize ). There is no compulsion to tak e the hin t, but taking it is almost

alw a ys a go o d idea. Ho w ev er, y ou m ust first v erify that the hin t is v alid in the sense

that there is a non-singleton cell whic h starts at the sp ecified place. If there is not, y ou

m ust c ho ose a v alid cell.

It is quite cen tral to the v alidit y of the algorithm that a non-singleton cell b e c hosen (it

will alw a ys exist). The c hoice m ust b e en tirely indep enden t of the lab elling of the v ertices.

It m ust also b e indep enden t of the p osition of the no de in the searc h tree to the exten t that

equiv alen t no des are treated equiv alen tly .

8. V ertex-in v arian ts. As describ ed in Section 2, the op eration of nauty is driv en b y

a pro cedure whic h accepts partitions and attempts to mak e them finer without separating

equiv alen t v ertices. F or some families of difficult graphs, the built-in refinemen t pro cedure is

insufficien tly p o w erful, resulting in excessiv ely large searc h trees. In man y cases, this problem

can b e dramatically reduced b y using some sort of in v arian t to assist the refinemen t pro cedure.

F ormally , let G b e the set of lab elled graphs (or digraphs) on the v ertex set V =

{ 0 , 1 , . . . , n − 1 } , and let Π b e the set of partitions of V . As alw a ys, the order of the cells of a

partition is significan t, but the order of the elemen ts of the cells is not. Let Z b e the in tegers.

A vertex-invariant is defined to b e a mapping

ϕ : G × Π × V → Z

suc h that ϕ ( G γ

, π γ

, v γ

) = ϕ ( G, π , v ) for ev ery G ∈ G , π ∈ Π , v ∈ V and p erm utation γ .

Informally , this sa ys that the v alues of ϕ are indep enden t of the lab elling of G .

A great n um b er of v ertex-in v arian ts ha v e b een prop osed in the literature, but v ery few

of them are suitable for use with nauty . Most of them are either insufficien tly p o w erful or

require excessiv e amoun ts of time or space to compute. Ev en amongst the v ertex-in v arian ts

whic h are kno wn to b e useful, their usefulness v aries so m uc h with the t yp e of graph they

are applied to, or the lev els of the searc h tree at whic h they are applied, that in telligen t

automatic selection of a v ertex-in v arian t b y nauty w ould seem to b e a task b ey ond our curren t

capabilities. Consequen tly , the c hoice of v ertex-in v arian t (or the c hoice not to use one) has

b een left up to the user.

The options parameter of nauty has four fields relev an t to v ertex-in v arian ts, namely

invarpr o c , mininvarlevel , maxinvarlevel and invar ar g . These are fully describ ed in Section 4.

The I command in dr e adnaut ma y b e useful in in v estigating whic h of the supplied v ertex-

in v arian ts are useful for y our problem. Exp erience sho ws that it is nearly alw a ys b est to apply the in v arian t at just one lev el in the searc h tree, with lev els 1 and 2 b eing the most lik ely

candidates.

W e no w describ e the v ertex-in v arian ts whic h are pro vided with v ersion 1.5 of nauty . Infor-

mation on ho w to write a new v ertex-in v arian t pro cedure can b e found in the file nautinv.c .

W e will assume that g is a graph on V = { 0 , 1 , . . . , n − 1 } , and that π = ( V

0

, V

1

, . . . , V

k

) is a

partition of V . This partition will b e equitable unless options . digr aph = TR UE. One of the

cells of π will b e designated V

∗

. If the pro cedure is called b y nauty at lev el 1 (i.e. at the

ro ot of the searc h tree), or directly b y dr e adnaut ( I command), this will b e the first cell V

0

;

otherwise, V

∗

will b e the singleton cell con taining the v ertex fixed in order to create this no de

from its paren t.

twop aths. Eac h v ertex v is giv en a co de dep ending on the cells to whic h b elong the v ertices

reac hable from v along a path of length 2. invar ar g is not used. This is a c heap in v arian t

suitable for graphs whic h are regular but otherwise ha v e no particular structure (for example).

adjtriang. Eac h v ertex v is giv en a co de dep ending on the n um b er of common neigh b ours

b et w een eac h pair { v

1

, v

2

} of neigh b ours of v , and whic h cells v

1 and v

2 b elong to. v

1 m ust

b e adjacen t to v

2 if invar ar g = 0 and not adjacen t if invar ar g = 1 . This is a fairly c heap

in v arian t whic h can often break up the v ertex sets of strongly-regular graphs.

triples. Eac h v ertex v is giv en a co de dep ending on the set of w eigh ts w ( v , v

1

, v

2

), where

{ v

1

, v

2

} ranges o v er the set of all pairs of v ertices distinct from v suc h that at least one of

{ v , v

1

, v

2

} lies in V

∗

. The w eigh t w ( v , v

1

, v

2

) dep ends on the n um b er of v ertices adjacen t to

an o dd n um b er of { v , v

1

, v

2

} and to the cells that v , v

1 and v

2 b elong to. invar ar g is not

used. This in v arian t often w orks on strongly-regular graphs that adjtriang fails on, but is

more exp ensiv e.

quadruples. Eac h v ertex v is giv en a co de dep ending on the set of w eigh ts w ( v , v

1

, v

2

, v

3

),

where { v

1

, v

2

, v

3

} ranges o v er the set of all pairs of v ertices distinct from v suc h that at least

one of { v , v

1

, v

2

, v

3

} lies in V

∗

. The w eigh t w ( v , v

1

, v

2

, v

3

) dep ends on the n um b er of v ertices

adjacen t to an o dd n um b er of { v , v

1

, v

2

, v

3

} and to the cells that v , v

1

, v

2 and v

3 b elong to.

invar ar g is not used. This is an exp ensiv e in v arian t whic h can sometimes b e of use for graphs

with a particularly regular structure.

c el ltrips. Eac h v ertex v is giv en a co de dep ending on the set of w eigh ts w ( v , v

1

, v

2

), where

w ( v , v

1

, v

2

) dep ends on the n um b er of v ertices adjacen t to an o dd n um b er of { v , v

1

, v

2

} . These

three v ertices are constrained to b elong to the same cell. The cells of π are tried in increasing

order of size un til one splits. invar ar g is not used. This in v arian t can sometimes split the

bipartite graphs deriv ed from blo c k designs, and other graphs of mo derate difficult y .

c el lquads. Eac h v ertex v is giv en a co de dep ending on the set of w eigh ts w ( v , v

1

, v

2

, v

3

), where

w ( v , v

1

, v

2

, v

3

) dep ends on the n um b er of v ertices adjacen t to an o dd n um b er of { v , v

1

, v

2

, v

3

} .

These four v ertices are constrained to b elong to the same cell. The cells of π are tried in

increasing order of size un til one splits. invar ar g is not used. This in v arian t is p o w erful enough

to split man y difficult graphs, suc h as hadamard-matrix graphs (where it is b est applied at

lev el 2).

c el lquins. Eac h v ertex v is giv en a co de dep ending on the set of w eigh ts w ( v , v

1

, v

2

, v

3

, v

4

),

where w ( v , v

1

, v

2

, v

3

, v

4

) dep ends on the n um b er of v ertices adjacen t to an o dd n um b er of

{ v , v

1

, v

2

, v

3

, v

4

} . These fiv e v ertices are constrained to b elong to the same cell. The cells of

π are tried in increasing order of size un til one splits. invar ar g is not used. W e kno w of no

go o d use for this v ery p o w erful but v ery exp ensiv e in v arian t.

distanc es. Eac h v ertex v is giv en a co de dep ending on the n um b er of v ertices at eac h distance

from v , and what cells they b elong to. If a cell is found that splits, no further cells are tried.

invar ar g is not used. This is a fairly c heap in v arian t suitable for things lik e regular graphs of

high girth.

indsets. Eac h v ertex v is giv en a co de dep ending on the n um b er of indep enden t sets of size

invar ar g whic h include v , and the cells con taining the other v ertices of those sets. The v alue of invar ar g is limited to 7. This can often split the v ertex sets of strongly-regular graphs

and bipartite design graphs, though it b ecomes exp ensiv e if invar ar g is large. A v alue of 4 is

sometimes sufficien t.

cliques. Eac h v ertex v is giv en a co de dep ending on the n um b er of cliques of size invar ar g

whic h include v , and the cells con taining the other v ertices of those cliques. The v alue of

invar ar g is limited to 7. This can often split the v ertex sets of strongly-regular graphs, though

it b ecomes exp ensiv e if invar ar g is large. A v alue of 4 is sometimes sufficien t.

c el lcliq. Eac h v ertex v is giv en a co de dep ending on the n um b er of cliques of size invar ar g

whic h include v and lie within the cell con taining v . The v alue of invar ar g is limited to 7.

The cells are tried in increasing order of size, and the pro cess stops as so on as a cell splits.

This in v arian t applied at lev el 2 can b e v ery successful on difficult v ertex-transitiv e graphs.

A v alue of 3 can sometimes w ork ev en on strongly-regular graphs.

c el lind. Eac h v ertex v is giv en a co de dep ending on the n um b er of indep enden t sets of size

invar ar g whic h include v and lie within the cell con taining v . The v alue of invar ar g is limited

to 7. The cells are tried in increasing order of size, and the pro cess stops as so on as a cell

splits. This in v arian t applied at lev el 2 can b e v ery successful on difficult v ertex-transitiv e

graphs.

9. W riting programs whic h call nauty . A complete example of a program calling nauty

can b e found in App endix A.

Programs whic h call nauty should include the file nauty.h . As w ell as defining the

relev an t t yp es and parameters, this file also declares macros and pro cedures whic h are of use

in constructing the argumen ts, and declares some useful tables.

T o satisfy some link ers, all files whic h include nauty.h , except one (the one with the main

program is recommended) should define the sym b ol EXTDEFS first, lik e this:

# define EXTDEFS 1

# include "nauty.h"

T ypical data declarations are:

set setvar [10];

graph g [10*300];

where the first declares a set of size up to 10 × W ORDSIZE , and the second a graph of up to

3000 setword s (suitable for a 300-v ertex graph if W ORDSIZE=32).

Supp ose that m and n ha v e meanings as usual. Some of the more useful macros are as

follo ws.

ADDELEMENT( setvar , i ) : add elemen t i to set setvar .

DELELEMENT( setvar , i ) : delete elemen t i from set setvar .

ISELEMENT( setvar , i ) : test if i is an elemen t of the set setvar (0 ≤ i ≤ n − 1).

EMPTYSET( setvar , m ) : mak e the set setvar equal to the empt y set.

POPCOUNT( x ) : the n um b er of 1-bits in the setword x . Use ( x ? POPCOUNT( x ) : 0) in

circumstances where x is most often zero.

FIRSTBIT( x ) : the p osition (0 to W ORDSIZE − 1) of the first (least-n um b ered) 1-bit in the

setword x , or W ORDSIZE if there is none.

ZAPBIT( x , i ) : set bit i in setword x to 0.

Some of the pro cedures in nautil.c ma y b e useful. They are declared in nauty.h . See

the source co de for the parameter list and seman tics of these:

nextelement : find the p osition of the next elemen t in a set follo wing a sp ecified p osition.

The recommended w a y to do something for eac h elemen t of the set setvar is lik e this:

i = -1;

while ((i = nextelement(setvar,m,i)) >= 0)

Pr o c ess element i .

p ermset : apply a p erm utation to a set.

isautom : test if a p erm utation is an automorphism.

orbjoin : up date the orbits of a group according to a new generator.

writep erm : write a p erm utation to a file.

up date c an : (for samer ows = 0) relab el a graph.

r efine : find coarsest equitable partition not coarser than giv en partition.

r efine1 : pro duces exactly the same results as r efine , but assumes m = 1 for greater sp eed.

The file naututil.c con tains pro cedures whic h are used b y the dr e adnaut program (see

Section 12). Man y of these are also useful to programs whic h call nauty . If y our program uses

them, include naututil.h instead of nauty.h .

Some of the more useful pro cedures are:

setsize : find cardinalit y of set.

setinter : find cardinalit y of in tersection of t w o sets.

putset : write a set to a file.

putgr aph : write a graph to a file.

putorbits : write a set of orbits to a file.

putptn : write a partition to a file.

r e adgr aph : read a graph from a file.

r e adptn : read a partition from a file.

r anp erm : generate a random p erm utation.

r angr aph : generate a random graph.

mathon : p erform a doubling op eration, as defined in [3].

c omplement : tak e the complemen t of a graph.

In addition, the file nautaux.c con tains a few pro cedures whic h manipulate graphs or

partitions, but whic h are not curren tly used b y nauty or dr e adnaut .

10. Installing nauty and dreadnaut . There are nine source files pro vided. nauty b y

itself requires the files nauty.h , nauty.c and nautil.c . The dr e adnaut program requires, in

addition, files naututil.h , naututil.c , nautinv.c and dreadnaut.c . The files nautaux.h

and nautaux.c are not used b y either nauty nor dr e adnaut .

The first step in installation is to edit nauty.h . Exactly one of the sym b ols b eginning

with “SYS ” m ust ha v e the v alue 1 and all the others m ust ha v e the v alue 0. (If none of the

existing sym b ols fits y our system, see the notes b elo w.) The v alues of W ORDSIZE and MAXN

can also b e c hanged. W ORDSIZE m ust b e 16, 32 or 64. Only true 16-bit mac hines are lik ely

to go faster with W ORDSIZE=16; this do es not include 680xx pro cessors. W ORDSIZE=64

can only b e used if the t yp e setword has at least that man y bits. MAXN is the largest order

of graph that can b e accepted. Y ou ma y need to reduce it if y ou are short of memory .

The dr e adnaut program uses a n um b er of features whose a v ailabilit y v aries b et w een sys-

tems. Where p ossible, these ha v e b een isolated in naututil.h , and that file should b e con-

sulted for details.

On a new system : If y our system is not one of those curren tly supp orted, create a new

SYS ∗ sym b ol for y our system. Chec k all the places in nauty.h and naututil.h where these

sym b ols are used and edit them appropriately . This should co v er most problems unless y our

compiler is brain-damaged. Some things to w atc h for:

(a) nauty assumes that a short int has at least 16 bits.

(b) nauty assumes that op erations “ < ”, “ <= ”, “ == ”, “ != ”, “ >= ” and “ > ” resp ect a total order

o v er the p ossible v alues of a setword in a set . It do esn’t matter whic h total order is resp ected

(e.g., signed ordering is as go o d as unsigned ordering). Be particularly careful with mac hines

using 1s-complemen t arithmetic and mac hines without in teger compare instructions.

Please send the author copies of the header files appropriate for other systems, plus an y

other relev an t information.

11. Efficiency . W e giv e some sample execution times for a SUN4/280 computer, using the

SUN C compiler under SUNOS 4.0.3.

F or random graphs with edge probabilit y 1/2, exp erimen tal execution times for large

n are ab out 0 . 14 n

2

microseconds with options . getc anon = F ALSE, and 1 . 2 n

2

microseconds

with options . getc anon = TR UE. The large difference b et w een these times for large n is almost

en tirely tak en up b y the pro cess of p erm uting the en tries of g to get c anong . Except for v ery

small n , nearly all of these graphs ha v e no non-discrete equitable partitions, and th us ha v e

trivial automorphism groups. All nauty do es in this case is one refinemen t op eration follo w ed,

if options.getc anon = TR UE, b y one relab elling op eration.

The 515 transitiv e graphs of orders 2 through 18 giv en in [6] require 5–10 milliseconds eac h

on a v erage, irresp ectiv e of the v alue of options.getc anon . An a v erage of ab out 4.5 generators

eac h are found for the automorphism groups.

A list of v ery difficult graphs is giv en b y Mathon in [3]. Using his notation for them, w e

find the follo wing times with options.getc anon = TR UE and options.tc level = 0:

A

25

– B

25

: 0.02 seconds;

A

50 and B

50

: 5.2 seconds (0.55 seconds using v ertex-in v arian t c el lquads at lev el 1);

A

1

25

: 0.08 seconds (0.01 seconds using v ertex-in v arian t adjtriang at lev el 1);

B

1

25

: 0.28 seconds (0.01 seconds using v ertex-in v arian t adjtriang at lev el 1);

A

35

– D

35

: 1.1 seconds (0.02 seconds using v ertex-in v arian t cliques with parameter 4 at lev el 1);

A

52

: 3.9 seconds (0.18 seconds using v ertex-in v arian t cliques with parameter 5 at lev el 1);

B

52

: 8.7 seconds (0.16 seconds using v ertex-in v arian t cliques with parameter 5 at lev el 1);

A

72

– D

72

: 75–85 seconds (14.5 seconds using v ertex-in v arian t quadruples applied at lev el 1).

The execution time for these graphs v aries somewhat with the initial lab elling. With

options.tc level = 3, the times for A

72

– D

72 without v ertex-in v arian ts a v erage ab out 20% less.

Amongst the most difficult kno wn graphs for this algorithm, and probably for most other

similar algorithms, are certain bipartite graphs deriv ed from Hadamard matrices. F or example,

some of these graphs on 96 v ertices require more than 15 min utes to pro cess. Ho w ev er, with

the v ertex-in v arian t c el lquads applied at lev el t w o, this time is reduced to just 1–10 seconds.

A family of strongly-regular graphs with 155 v ertices and trivial automorphism group

require 156 seconds with no v ertex-in v arian t and 1.1 seconds with the v ertex-in v arian t adj-

triang (or cliques with parameter 4) applied at lev el 1. Another family of strongly-regular

graphs, with 9477 v ertices and v ertex-regular automorphism group, require ab out 14 hours

with no v ertex-in v arian t, but only 240 seconds with the v ertex-in v arian t c el lcliq applied at

lev el 2 with parameter 3. A certain graph of order 12005 with a transitiv e group of of order

120050 required ab out 3 hours with no v ertex-in v arian t.

As examples of ho w nauty p erforms for v ery ric h automorphism groups, w e men tion

L ( K

30

) (435-v ertex linegraph of complete graph; group size 30!; execution time 39 seconds;

29 generators) and the 1-sk eleton of the 9-cub e (512-v ertex graph; group size 185794560;

execution time 17 seconds; 9 generators).

12. dreadnaut . dr e adnaut is a simple program whic h can read graphs and execute nauty .

Input is tak en from the standard input and output is sen t to the standard output, but this can

b e c hanged b y using the “ < ” and “ > ” commands. Commands ma y app ear an y n um b er p er line

separated b y white space, commas, semicolons or nothing. They consist of single c haracters,

sometimes follo w ed b y parameters.

A t an y p oin t of time, dr e adnaut kno ws the follo wing information:

(a) The n um b er of v ertices, n .

(b) The “curren t graph” g , if defined.

(c) The “curren t partition” π , if defined.

(d) The orbits of the (coloured) graph ( g , π ), if defined.

(e) The canonically lab elled isomorph of g , called h , if defined. (Also called c anong .)

(f ) An extra graph called h

′

, if defined. (Also called save dg .)

(g) V alues for eac h of a v ariet y of options.

In the follo wing ‘ # ’ is an in teger and ‘ = ’ is optional.

(A) Commands whic h define or examine the graph g .

n

                                             =

                                                                                        # Set v alue of n . The maxim um v alue is installation-defined.

g Read the graph g .

There is alw a ys a “curren t v ertex” whic h is initially the first v ertex. (V ertices are

n um b ered from 0 unless y ou ha v e used the $ command.) The n um b er of the curren t

v ertex is displa y ed as part of the prompt, if an y . Av ailable sub commands:

# : add an edge from the curren t v ertex to the sp ecified v ertex. (Unless y ou ha v e

selected the option digr aph , edges only need to b e en tered in one direction.)

- # : delete the edge, if an y , from the curren t v ertex to the sp ecified v ertex.

; : incremen t the curren t v ertex. If it b ecomes to o high for a v ertex lab el, stop.

# : : mak e the sp ecified v ertex the curren t v ertex.

? : displa y the neigh b ours of the curren t v ertex.

. : stop.

! : ignore the rest of this input line.

, : ignored.

e Edit the graph g . The a v ailable sub commands are the same as for the “ g ” command.

r . . . ; Relab el the graph g , where ‘ . . . ’ is a p erm utation of { 0 , 1 , . . . , n − 1 } , sp ecifying the

order in whic h to relab el the v ertices, follo w ed b y a semicolon. Missing n um b ers are

filled in at the end in n umerical order. F or example, for n = 5, “ r 4,1; ” is equiv alen t

to “ r 4,1,0,2,3; ”. The partition π is p erm uted consisten tly .

j Relab el the graph g at random. The partition π is p erm uted consisten tly .

% P erform the doubling op eration E ( g ) defined in [3]. The result in g is a regular graph

with order 2 n + 2 and degree n .

s

                                             =

                                                                                        # Generate graph g at random with indep enden t edge probabilities 1 /i , where i is the

in teger sp ecified. The seed for the random n um b er generator is got b y reading the

real-time clo c k, if suc h a thing is a v ailable.

(underscore) Replace the graph g b y its complemen t. If there are an y lo ops, the set of

lo ops is complemen ted to o; otherwise, no lo ops are in tro duced.

t T yp e the graph g , in an ob vious format. The v alue of option linelength is tak en in to

accoun t. The format used is consisten t with the input format allo w ed b y the “ g ”

command. T o examine just some of the graph, y ou can use the “ ? ” sub command

within the “ e ” command.

T This is exactly lik e “ t ” except that a line of the form “ n= n $= l g ” is written first,

where n is the n um b er of v ertices and l is the n um b er of the first v ertex, and a line

of the form “ $$ ” is written afterw ards. This enables y ou to sa v e a graph to a file

and easily restore it later: “ >newgraph.dre T -> ” will sa v e g to the file newgr aph.dr e ,

while “ <newgraph.dre ” will restore it.

v Displa y the degrees of eac h v ertex of the graph g , if defined. F or digraphs, the outde-

grees are displa y ed.

(B) Commands whic h define the partition π .

f Sp ecify an initial partition.

“ -f ” selects the partition with only one cell, whic h is the default.

“ f

=

                                           # ” selects the partition with one cell con taining just the v ertex named and one cell

con taining ev ery other v ertex.

“ f

=

                                           [ . . . ] ” selects an arbitrary partition. Replace “ . . . ” b y a list of cells separated

b y “ | ”. Y ou can use the abbreviation “ x : y ” for the range x, x + 1 , . . . , y . An y v ertices

not named are put in a cell of their o wn at the end.

Example: If n = 10, then “ f=[3:7 | 0,2] ” establishes the partition

[3 , 4 , 5 , 6 , 7 | 0 , 2 | 1 , 8 , 9].

i P erform a refinemen t op eration, replacing the partition π b y its refinemen t. The active

set initially con tains ev ery cell.

I P erform a refinemen t op eration, an application of the v ertex-in v arian t (if one has b een

selected using the * command), and (if an y cells w ere split) another refinemen t op-

eration. The final partition b ecomes π . The b eha viour ma y b e mo dified b y the K

command, but not b y the k command.

(C) Commands whic h establish or examine options .

$

                                             =

                                                                                        # Establish an origin for v ertex n um b ering. The default is 0. Only non-negativ e v alues

are p ermitted. All the input-output routines used b y nauty or dr e adnaut resp ect this

v alue, ev en though in ternally v ertices are alw a ys n um b ered from 0. (The v alue giv en

is copied in to the global int v ariable lab elor g , whic h is describ ed in Section 4.)

$$ Restore the v ertex n um b ering origin to what it w as just b efore the last $ command.

Only one previous v alue is remem b ered.

l

                                             =

                                                                                        # Set v alue of option linelength : the length of the longest line p ermitted for output. The

default v alue is installation-dep enden t (t ypically 78).

w

                                             =

                                                                                        # Set v alue of worksize : the amoun t of space pro vided for nauty to store automorphism

data. The maxim um v alue is installation-defined, and the default is the same as the

maxim um. There’s little reason to ev er use this command.

+ Ignored. Pro vided for con trast with “ - ”.

d,-d Set option digr aph to TR UE or F ALSE, resp ectiv ely . Y ou m ust set it to TR UE if

y ou wish to define g to b e a digraph or a graph with lo ops. The default is F ALSE.

Changing it from TR UE to F ALSE also causes the graph g to b ecome undefined, as a

safet y measure.

c,-c Set option getc anon to TR UE or F ALSE, resp ectiv ely . This tells nauty whether to find

a canonical lab elling or just the automorphism group. The default is F ALSE.

a,-a Set option write automs to TR UE or F ALSE, resp ectiv ely . This tells nauty whether to

displa y the automorphisms it finds. The default is TR UE.

m,-m Set option writemarkers to TR UE or F ALSE, resp ectiv ely . This tells nauty whether

to displa y the lev el mark ers “ level . . . ”. See Section 5 for their meaning. The default

is TR UE.

p,-p Set option c artesian to TR UE or F ALSE, resp ectiv ely . This tells nauty to use the

“cartesian” form when writing automorphisms. Precisely , the automorphism γ is dis-

pla y ed as a list v γ

1 v γ

2

. . . v γ

n

, where v

1

, v

2

, . . . , v

n are the v ertices of g . The default is

F ALSE.

y

                                             =

                                                                                        # Set the v alue of option tc level . A v alue of k tells nauty to use an adv anced, but

exp ensiv e, algorithm for c ho osing target cells in the top k lev els of the searc h tree. See

Section 4 for a more detailed description. A v alue suc h as 3 or 4 sometimes leads to massiv e sp eedup for v ery difficult graphs, but will slo w do wn pro cessing of easy ones.

The default is 0.

∗

=

                                           # Select a v ertex-in v arian t. One user-defined v ertex-in v arian t can b e link ed with dr e ad-

naut if its name is pro vided in the prepro cessor v ariable INV ARPR OC. The argumen t

to the ∗ command is in terpretted th us:

-1 : the user-defined pro cedure (if an y)

0 : no v ertex-in v arian t (this is the default)

1 : twop aths

2 : adjtriang

3 : triples

4 : quadruples

5 : c el ltrips

6 : c el lquads

7 : c el lquins

8 : distanc es

9 : indsets

10 : cliques

11 : c el lcliq

12 : c el lind

These pro cedures are describ ed in Section 8. In order for them to b e used b y nauty ,

y ou need to use the k command, and p erhaps the K command.

k

                                             =

                                                                                        # # (Tw o in teger argumen ts.) Define v alues for the options mininvarlevel and maxinvar-

level . These tell nauty the minim um and maxim um lev els of the tree at whic h it is to

apply the v ertex-in v arian t. The ro ot of the tree is at lev el 1. See Section 4 for a little

more information ab out these options. Both options ha v e v alue 0 b y default.

K

                                             =

                                                                                        # Giv e a v alue to the invar ar g option. This n um b er is passed to the v ertex-in v arian t b y

the I command and b y nauty . See Section 8 for the meaning of this option for eac h

a v ailable v ertex-in v arian t. The default v alue is 0.

u

                                             =

                                                                                        # Request calls to user-defined functions. The v alue is

1 for userno depr o c ,

2 for user autompr o c ,

4 for userlevelpr o c ,

8 for usertc el lpr o c ,

16 for userr efpr o c .

These can b e added together to select more than one pro cedure. The pro cedures called

are those named b y the compile-time sym b ols USERNODE, USERA UTOM, USER-

LEVEL, USER TCELL and USERREF defined in dreadnaut.c . The default v alues are:

USERNODE: F or eac h no de, prin t a n um b er of dots equal to the depth, then

( numc el ls / c o de / tc ) where numc el ls is the n um b er of cells, c o de is the co de pro duced

b y the refinemen t pro cedure, and tc is the p osition in lab where the target cell starts.

F or the first path do wn the tree, the partition is displa y ed as w ell.

USERA UTOM: F or eac h automorphism, displa y the argumen ts numorbits and stab-

vertex (see Section 7).

USERLEVEL: F or eac h lev el, displa y the argumen ts tv , index , tc el lsize , numc el ls and

childc ount , as w ell as the fields numno des , numorbits and numgener ators of stats . See

Section 7 for what they mean.

USER TCELL: Do nothing.

USERREF: Do nothing.

? T yp e the curren t v alues of m , n , worksize , most of the options, the n um b er of edges

in g , and the n um b er of cells in π . If output has b een directed a w a y from stdout using

the “ > ” command, some of this information is also written to stdout.

& T yp e the curren t partition π , unless it is has only one cell.

& & Same as & , except that the quotien t of g with resp ect to π is also written. Sa y π =

( V

0

, V

1

, . . . , V

m

) and let v

i b e the least n um b ered v ertex in V

i for 0 ≤ i ≤ m . Then, for

eac h i , this command writes v

i

, then | V

i

| in brac k ets, then the n um b ers k

0

, k

1

, . . . , k

m

,

where k

j is the n um b er of edges from v

j to V

i

. The v alue 0 is written as “ - ”, while the

v alue | V

i

| is written as “ ∗ ”.

(D) Commands whic h execute nauty or use the results .

x Execute nauty . Dep ending on the v alues of the write automs and writemarkers options,

the automorphism group will b e displa y ed while nauty is running. See Section 5 for an

explanation of the output. When nauty returns, dr e adnaut will displa y some statistics

ab out it. See Section 4 for the meanings; the imp ortan t ones are the order of the

group and the n um b er of orbits. Dep ending on y our system, the execution time is also

displa y ed.

@ Cop y h , if defined, to h

′

. See the description of the # command for more.

b T yp e the canonical lab el and the canonically lab elled graph. The canonical lab el is

giv en in the form of a list of the v ertices of g in canonical order. Only p ossible after x

with option getc anon selected.

z T yp e t w o 8-digit hex n um b ers whose v alue dep ends only on h . This allo ws quic k com-

parison b et w een graphs. Isomorphic graphs giv e the same v alues, but not con v ersely .

Only p ossible after x with option getc anon selected.

# Compare the lab elled graphs h and h

′

. Both m ust ha v e b een already defined (using x

and @ ). The complete pro cess for testing t w o graphs g

1 and g

2 for isomorphism is this:

en ter g

1

;

c x @ (select getc anon option, execute nauty , cop y h to h

′

);

en ter g

2

;

x # (execute nauty , compare h to h

′

).

# # This is the same as # except that, if h is iden tical to h

′

, y ou will also b e giv en an

isomorphism from g

1 to g

2

. This is in the form of a sequence of pairs v

i

- w

i

, where v

i

is a v ertex of g

1 and w

i is a v ertex of g

2

. The v ertex-n um b ering origin in force when

h

′

w as created is used for g

1

, whilst the origin no w in force is used for g

2

.

o T yp e the orbits of the group. Only p ossible after x .

(F) Miscellaneous commands .

h Help: t yp e a summary of dr e adnaut commands.

"..." An ything b et w een the quotes is simply copied to the output. The ligatures ‘ \n ’ (new-

line), ‘ \t ’ (tab), ‘ \b ’ (bac kspace), ‘ \r ’ (carriage return), ‘ \f ’ (formfeed), ‘ \\ ’ (bac k-

slash), ‘ \’ ’ (single quote) and ‘ \" ’ (double quote) are recognised. Other o ccurrences of

‘ \ ’ are ignored.

! Ignore an ything else on this input line. Note that this is a command, not a commen t

c haracter in the usual sense, so y ou can’t use it in the middle of other commands.

< Begin reading input from another file. The name of the file starts at the first non-white

c haracter after the “ < ” and ends b efore the next white c haracter. If suc h a file cannot

b e found, another attempt is made with the string “ .dre ” app ended to the name.

When end-of-file is encoun tered on that file, con tin ue from the curren t input file. The

allo w ed lev el of nesting is system-dep enden t.

>,>> Close the existing output file unless it is the standard output, then b egin writing output

to another file. The name of the file starts at the first non-white c haracter after the

“ > ” and ends b efore the next white c haracter. F or “ > ” the file starts off empt y . F or

“ >> ”, if an existing file of the righ t name exists, it is written to starting at the curren t

end-of-file. Use “ -> ” to direct output bac k to the standard output.

q Quit. dr e adnaut will exit irresp ectiv e of whic h lev el of input nesting it is on.

The canonical lab ellings pro duced b y dr e adnaut can dep end on the v alues of man y of the

options. If y ou are testing t w o or more graphs for isomorphism, it is imp ortan t that y ou use

the same v alues of these options for all y our graphs. In general, h is a function of all these:

(a) option digr aph ( d command)

(b) all the v ertex-in v arian t options ( ∗ , k and K commands)

(c) the v alue of tc level ( y command)

(d) the use of usertc el lpr o c or userr efpr o c ( u command)

(e) the compiler used to compile nauty , and the computer used to run it

(f ) the v ersion of nauty used

Sev eral sample dr e adnaut sessions are sho wn b elo w. The first problem solv ed is the second

example in Section 6. The underlined c haracters are those t yp ed b y the user.

> n=8 g 8 v ertices

0: 1 3 4; en ter the graph

1: 2 5;

2: 3 6;

3: 7;

4: 5 7;

5: 6;

6: 7.

> f=2 x fix v ertex 2; execute

[fixing partition]

(0 5)(3 6)

level 2: 6 orbits; 3 fixed; index 2

(1 3)(5 7)

level 1: 4 orbits; 1 fixed; index 3

4 orbits; grpsize=6; 2 gens; 6 nodes; maxlev=3

tctotal=7; cpu time = 0.00 seconds

> o sho w the orbits

                                   0 5 7; 1 3 6; 2; 4;

> q quit

The next problem solv ed is to determine an isomorphism b et w een the graphs of examples 3

and 4 of Section 6. W e turn off the writing of automorphisms to sa v e some space.

> c -a -m turn getc anon on, group writing off

> n=12 g en ter the first graph

0: 1; 2; 0;

3: 4; 5; 6; 3;

7: 8; 9; 10; 11; 7.

> x @ execute, sa v e the result

3 orbits; grpsize=480; 6 gens; 40 nodes (2 bad leaves); maxlev=7

tctotal=113; canupdates=3; cpu time = 0.05 seconds

> g en ter the second graph

0: 1; 2; 3; 4; 0;

5: 6; 7; 8; 5;

9: 10; 11; 9.

> x execute

3 orbits; grpsize=480; 6 gens; 34 nodes (2 bad leaves); maxlev=7

tctotal=80; canupdates=2; cpu time = 0.01 seconds

> # # compare to sa v ed graph

h and h’ are identical.

                                   0-9 1-10 2-11 3-5 4-6 5-7 6-8 7-0 8-1 9-2 10-3 11-4

As a third example, w e consider a simple blo c k design. nauty can compute automorphisms

and canonical lab ellings of blo c k designs b y the common metho d of con v erting the design to

an equiv alen t coloured graph. Supp ose a design D has v arieties x

1

, x

2

, . . . , x

v and blo c ks

B

1

, B

2

, . . . , B

b

. Define G ( D ) to b e the the graph with v ertex set { x

1

, . . . , x

v

, B

1

, . . . , B

b

} ,

with eac h x -v ertex ha ving one colour and eac h B -v ertex ha ving a second colour, and edge set

{ x

i

B

j

| x

i

∈ B

j

} . The follo wing theorem is elemen tary .

Theorem.

(a) The automorphism gr oup of D is isomorphic to the automorphism gr oup of G ( D ) .

(b) If D

1 and D

2 ar e designs, D

1 and D

2 ar e isomorphic if and only if G ( D

1

) and G ( D

2

)

ar e isomorphic.

Consider the design D = { { 1 , 2 , 4 } , { 1 , 3 } , { 2 , 3 , 4 } } . Lab el G ( D ) so that the v arieties of

D corresp ond to v ertices 1–4, while the blo c ks corresp ond to v ertices 5–7.

> $=1 lab el v ertices starting at 1

> n=7 g

1: 5: go to v ertex 5 (blo c k 1)

5: 1 2 4;

6: 1 3;

7: 2 3 4;

> f=[1:4] fix the v arieties set wise

> cx run nauty

[fixing partition]

(2 4) group generators

level 2: 6 orbits; 2 fixed; index 2

(1 3)(5 7)

level 1: 4 orbits; 1 fixed; index 2

4 orbits; grpsize=4; 2 gens; 6 nodes; maxlev=3

tctotal=6; canupdates=1; cpu time = 0.02 seconds

> o displa y the orbits

                                   1 3; 2 4; 5 7; 6;

> b displa y the canonical lab elling

                                   1 3 2 4 6 5 7 the v ertices in canonical order

                                                                        1 : 5 6; the relab elled graph

                                                                        2 : 5 7;

                                                                        3 : 6 7;

                                                                        4 : 6 7;

                                                                        5 : 1 2;

                                                                        6 : 1 3 4;

                                                                        7 : 2 3 4;

> q quit

F or man y families of blo c k designs, it can b e pro v ed that the isomorphism class of eac h

design is uniquely determined b y the isomorphism class of its blo c k-in tersection graph, where

that graph has the blo c ks as v ertices and pairs of in tersecting blo c ks as edges. F or ( v , k , 1)-

designs, a sufficien t condition for this is that v > k ( k

2

− 2 k + 2). On the o ccasions when this is

true, nauty can usually pro cess the blo c k-in tersection graphs more quic kly than it can pro cess

the designs directly . Also, the v ertex-in v arian ts describ ed in Section 8 are more lik ely to b e

successful with the blo c k-in tersection graphs.

15. Recen t c hanges.

This section lists all the significan t c hanges made to nauty or dr e adnaut since V ersion

1.2. F or a complete list of ev en trivial c hanges, see the source co de.

(A) Changes to the user view of dr e adnaut .

(a) The commands k , K , * and I , whic h deal with v ertex-in v arian ts ha v e b een added.

(b) The command @ has had its meaning completely c hanged. Instead of cop ying h in to g ,

it copies it in to h

′

. This is to supp ort the commands # and # # , whic h are new.

(c) The g and e commands no w allo w their inputs to b egin on the same line. Also, the

input “ n :” is no w illegal if n is not a legal v ertex n um b er.

(d) The T and $$ commands ha v e b een added.

(e) The < command no w allo ws the filename extension “ .dr e ” to b e omitted.

(f ) The ? command no longer writes the curren t partition. This function is no w p erformed

b y the & command. In addition, the & & command is new.

(B) Changes affecting programs whic h call nauty .

(a) The files naututils.h and naututils.c ha v e b een renamed to naututil.h and nau-

tutil.c , in order to a v oid some pain on MSDOS mac hines.

(b) The options parameter has gro wn some extra fields. T o ease future c hanges lik e this,

use the DEF A UL TOPTIONS macro to declare the actual parameter.

(c) The stats parameter has gro wn some extra fields. Also, the outofsp ac e field has c hanged

to t yp e int and b ecome errstatus . See Section 4 for a list of its p ossible v alues.

(d) nauty will write an error message if certain errors o ccur in the argumen t list. This can

b e c hanged: see ERRFILE in nauty.h .

(e) A library of v ertex-in v arian ts has b een added. The pro cedure doref() in nautil.c is

a con v enien t w a y to use them directly .

(f ) The default v alues of MAXN ha v e b een c hanged a little.

(g) Supp ort for 64-bit mac hines w as added (only tested on Cra y .) Supp ort w as also added

for T urb o C on IBM PC and THINK C on Apple Macin tosh.

(h) The ISELEMENT macro no w returns 0 or 1.

(i) The MAKEEMPTY macro is no w obsolete; use EMPTYSET instead.

(j) Some supp ort for ANSI C w as added, including optional function protot yp es (define

ANSIPR OT b efore compiling).

(k) The parameter lists for pro cedures mathon and putset ha v e c hanged. Pro cedures pt-

nc o de and e quitable ha v e b een mo v ed to the new file nautaux.c , as they are not used

b y either nauty or dr e adnaut . New pro cedures putmapping and putquotient ha v e b een

added to file naututil.c .

(l) There is a new pro cedure r efine1 whic h is automatically used in place of r efine if m = 1.

This gains some efficiency without c hanging the output at all.

(m) A c hange in the definition of macro MASH in nautil.c has increased efficiency b y

ab out 8%, but means that the canonical lab ellings ma y not b e the same as those

pro duced b y earlier v ersions.

(n) Pro cedure r e adgr aph no longer skips the rest of the curren t input line.

16. References.

[1] B. W. Kernighan and D. M. Ritc hie, The C programming language (Pren tice-Hall,

Englew o o d Cliffs, 1978).

[2] A. Kirk, Efficiency considerations in the canonical lab elling of graphs, T ec hnical rep ort

TR-CS-85-05, Computer Science Departmen t, Australian National Univ ersit y (1985).

[3] K. E. Malysiak, Graph Isomorphism, Canonical Lab elling and In v arian ts, Honours Thesis,

Computer Science Departmen t, Australian National Univ ersit y (1987).

[4] R. Mathon, Sample graphs for isomorphism testing, Congressus Numeran tium 21 (1978)

499–517.

[5] B. D. McKa y , Practical graph isomorphism, Congressus Numeran tium 30 (1981) 45–87.

[6] B. D. McKa y , T ransitiv e graphs with few er than t w en t y v ertices, Math. Computation 33

(1979) 1101–1121.

App endix. A A sample program whic h calls nauty .

/* This program prints generators for the automorpism group of an

                                                                                                           n-vertex polygon, where n is a number supplied by the user.

                                                                                                           It needs to be linked with nauty.c and nautil.c.

*/

#include <stdio.h>

#define MAXN 100

#include "nauty.h"

main()

{

graph g[MAXN*MAXM];

nvector lab[MAXN],ptn[MAXN],orbits[MAXN];

static DEFAULTOPTIONS(options);

statsblk(stats);

setword workspace[50*MAXM];

int n,m,v;

set *gv;

options.writemarkers = FALSE;

printf("enter n : ");

if (scanf("%d",&n) != 1 || n < 1 || n > MAXN)

{

printf("The input must be an integer in the range 1..%d.\n",MAXN);

exit(1);

}

m = (n + WORDSIZE - 1) / WORDSIZE;

for (v = 0; v < n; ++v)

{

gv = GRAPHROW(g,v,m);

EMPTYSET(gv,m);

ADDELEMENT(gv,(v+n-1)%n);

ADDELEMENT(gv,(v+1)%n);

}

printf("Generators for Aut(C[%d]):\n",n);

nauty(g,lab,ptn,NILSET,orbits,&options,&stats,

workspace,50*MAXM,m,n,NILGRAPH);

}