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Abstract. Enhancements in data capturing technology have lead to exponential
growth in amounts of data being stored in information systems. This growth in
turn has motivated researchers to seek new techniques for extraction of
knowledge implicit or hidden in the data. In this paper, we motivate the need
for an incremental data mining approach based on data structure called the item-
set tree. The motivated approach is shown to be effective for solving problems
related to efficiency of handling data updates, accuracy of data mining results,
processing input transactions, and answering user queries. We present efficient
algorithms to insert transactions into the item-set tree and to count frequencies
of itemsets for queries about strength of association among items. We prove
that the expected complexity of inserting a transaction @(1), and that of
frequency counting is O(n), where n is the cardinality of the domain of.items

1 Introduction

Association mining that discovers dependencies among values of an attribute was
introduced by Agrawal et al.[1] and has emerged as a prominent research area. The
association mining problem also referred to as rttagket baskeproblem can be
formally defined as follows. Lét={i,i,, ..., i} be asetofitemsaS={s, s, ...,
S be a set of transactions, where each transagtib8is a set of items that is [J
I. An association ruledenoted by X [7 Y, where X,Y [Jl andX n Y = @, describes
the existence of a relationship between the two itenxsatslY.

Several measures have been introduced to definstitregthof the relationship
between itemsets X and Y such as support, confidence, and interest. The definitions of
these measures, from a probabilistic model are given below.

I. Support(X O Y)=P(X,Y), or the percentage of transactions in the
database that contain bottandy.

Il. Confidence(X O Y) = P(X,Y)/P(X), or the percentage of transactions
containingY in transactions those contala

. Interest(X O Y)=P(X,Y)/P(X)P(Y) represents a test of statistical
independence.
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Many algorithms [1,2,3,4,5,6,7,8], have been proposed to generate association rules

that satisfy certain measures. A close examination of those algorithms reveals that the

spectrum of techniques that generate association rules, has two extremes:

e A transaction data file is repeatedly scanned to generate large itemsets. The
scanning process stops when there are no more itemsets to be generated.

» A transaction data file is scanned only once to build a complete transaction lattice.
Each node on the lattice represents a possible large itemset. A count is attached to
each node to reflect the frequency of itemsets represented by nodes.

In the first case, since the transaction data file is traversed many times, the cost of
generating large itemsets is high. In the later case, while the transaction data file is
traversed only once, the maximum number of nodes in the transaction latfigenis 2

is the cardinality of, the set of items. Maintaining such a structure is expensive.

Many knowledge discovery applications, such as on-line services and world wide
web, require accurate mining information from data that changes on a regular basis. In
world wide web, every day hundreds of remote sites are created and removed. In
such an environment, frequent or occasional updates may change the status of some
rules discovered earlier. Also, many data mining applications deal with itemsets that
may not satisfy data mining rules. Users could be interested in finding correlation
between itemsets, not necessarily satisfying the measures of the data mining rules.

Discovering knowledge is an expensive operation. It requires extensive access of
secondary storage that can become a bottleneck for efficient processing. Running data
mining algorithms from scratch, each time there is a change in data, is obviously not
an efficient strategy. Building a structure to maintain knowledge discovered could
solve many problems, that have faced data mining techniques for years, that is
database updateaccuracy of data mining resujtserformanceandad-hoc queries

In this paper, we propose a new approach, that represents a compromise between
the two extremes of the association mining spectrum. In the context of the proposed
approach two algorithms are introduced. The first algorithm builds an item-set tree by
traversing the data file once, that is used to produce mining rules. While the second
algorithm allows users to apply on-line ad hoc queries on the item-set tree.

The item-set tree approach is introduced in section 2. In section 3, counting
frequencies of itemsets is given. The item-set tree approach is evaluated and the paper
is concluded in section 4.

2 The ltem-Set Tree

The item-set tred is a graphical representation of the transaction daté fileach
nodes O T represents a transaction grall transactions that are having the same
itemset, belong to the same transaction group.l&ft;, i,,...,i,} be an ordered set of
items. For two transactiorss={a 1, &,...,a} ands={b1, b,...,h}, let s<'5 iff a,< by, for

all 1spsmin(l,k). We calll andk, the lengths o ands;, respectively.

Each node in treel represents either an encountered transaction, i.e., a
transaction in the transaction file, or a subset of an encountered transactios, islode
ancestor node of nodg, if 5 [F s that iss={ai, &,....a} ands={ai, a,...,a}, for
somel<k. Moreover a nodes direct ancestor of nodgif s is an ancestor o§ and



there is no other nodg such thas s/ Fs. Frequency of a node s is denotedf(s)
representing the count of transactions that have the same transactiors.gidwgp
item-set tree is constructed by transactions inserting proc&$e root node r
represents the null itemset {}. A transaction s is inserted by examining (in order) the
children of the root node r. Each time a node is inserted , f(r) is incremented by 1
The insertion process successfully ends with one of the following cases.

Case 1:All nodess (children of r) are such that these do share no leading elements
in s. When a leaf nodeis inserted as a son of f(s)is initiated to 1.

Case 2:s=5, the node already exisfy(s ) is incremented by 1.

Case 3:s[Fg sis an ordered subset of nogleA nodes, representing, is inserted

as a child ofr and as a parent gf f(s) =f(s) +1.

Case 4: 5 [°s, nodes is an ordered subset afThe subtree, that hasas a root, is
examined and the procedure starts over again

Case 5: s n°s # @ there exists an ordered intersection betwseands. Two nodes

are inserted. A nodg, s =s n°s, is inserted betweenands;, and a nodsis inserted

as a child ofs. f(s) = f(s)+1, andf(s) is initiated to 1.

Algorithm Construct (s,T)
sis an input itemset
T is the itemset tree
begin
r=root(T)
increase f(r)
if s = items (r) then exit
choose Ts=subtree(r) such that s and items(root(Ts)) are comparable
if Ts does not exist then
create a new son x for r, items(x) =s and f(x) =1
else if root(Ts) ¢ s then call Construct (s, Ts)
else if s (e root(Ts) then
create a new node x, as a son of rand a father of root(Ts),
items(x) =s and f(x) = f(root(Ts))+1
else create two nodes x and y, x as the father of root(Ts),s.t.items(x) =s ne
root(Ts), f(x) = f(root(Ts))+1, and y as a son of x, S.t., items(y) = s,
fy)=1

Figure 1: Algorithm Construct

end

Example 1: Let1={1,2,3,4} andF={{1,2,3,4}, {1,2}, {1,3}, {2,3}} be a transaction
file that has 4 transactions. In this example, we assume that all transaction in the
transaction file= have occurred only once. The item-set tree T is fully constructed in
4 steps (for the 4 transactions). Various steps of the solution are shown in Figures 2.
Inserting all transaction of the transaction data file F, using algorithm
Construct(s,T), requires scanning file F only once. An important characteristic of the
Construct(s,T) algorithm, is that, no matter what the sequence of the inserted
transactions is, the item-set tree T is always the same.
In sections 4.1 and 4.2, we study the performance of algorithm Construct(S,T).



Stepl: s={1,2,3,4} s is added as a Step2:s={1,2}, sis added as a child of

child of{} (case 1). {} and as a father ¢1,2,3,4}(case 3).
pr=1 gf=2
{1,2,3,4} =1 1,2} =2
{1,2,34} =1

Step3:s={1,3}, s:={1} (s={1,2}n®%{1,3}) Step4:s={2,3}, sis added as a child of
is added as a child of {} and as a father of} (case 1).
{1,2}, sis added as a child ef (case 5).

(2,3} f=1

(1,2} =2 (1,3} f=1

{1,2,3,4} f=1

{1,2,3,4} =1

Figure 2: Steps 1 and 4 of example 1.
3 Frequency Counting

In order to answer ad hoc queries, we introduce algorithm Count. Algorithm Count
calculates the frequency of an itemsetby adding up frequencies of those
encountered itemsets, that containn the example 2, we demonstrate how to count
frequencies of itemsets. Algorithm Count is given in Figure 3.

Algorithm Count(s,T)
input:  Anitem set s, and an item-set tree T.
Output:Frequency f of item set s.

begin
r=root(T)
if sOOr then f(s)=f(s)+f(r) ; end
while r<s and last-item(r)<last-item(s) do
traverse subtrees; T',of r
call Count(s,T)
enddo
end

Figure 3: Algorithm Count

Example 2: Let T be the item-set tree constructed in example 1,sai#,3} be the
itemset to be counted. To count the frequency of itegstte item-set tred is
traversed in order as shown in the following steps,

« Start from the smallest subtree with root node {1}. In this case, s>{I}&}s



» The subtree of {1} is orderly traversed; starting with node {1s2f1,2}&s O {1,2}

» The subtree of {1,2} is orderly traversed; starting with node {1,2,341,2,3,4},
f=1.

» Go back to next-subtree of {1}, node {1,3}.[$ {1,3}, and the last element in
{1,2,4} equals the last element in s. No further traversing through this subtree.

» Go back to next-subtree of {}, node {2,3}. s equals {2,831+1, and no further
traversing through this subtree. The procedure endsf{{#;3})= 2.

4 Performance Results

In this section, we study the performance of algorithms Construct and Count. We

assume that, items are uniformly distributed over all transactions. In section 4.1, we
give the expected number of nodes in the item-set tree T after inserting N

transactions. In sections 4.2 and 4.3, the expected number of iterations to insert a
transaction, and the expected number of iterations to count the frequency of an
itemset, respectively, are given. In section 4.4, we discuss the results of our analytical
study.

4.1 Number of Nodes in The Item-set tree

Lemma 1. Given an ordered set I=fii,, . . ., i}, of n items, and a set of
transaction nodes MJ T, Isk <K, Is K <2™1, \f={apa, ..., @&, &<a,<...< g
, and items @1, 1< i < |, 1< | < n which are uniformly distributed over itemset
domain |, and an itemset=gb,b,, . . ., B} with items h<b,<...<b , b, 1<i <

r, 1< r < n which are uniformly distributed over itemset domain | Algorithm
Construct, produces an item-set tree T, with expected number of nodes K such that

K<N@I+%) -%(n-D@)" +1(H)*)
where N is number of inserted transaction.

Proof. Before proving lemma 1, we first state and prove the following lemma. The
following lemma makes the proof easier to describe.

Lemma 2. Given an ordered set I=fji,, . . ., |}, of n items, and a set of transaction
nodes YOT, Isk<K, IsK<2™1, \(={ana, ..., g y<a,<...<a, and items
a[l, 1<i <1, 1<l <n are uniformly distributed over itemset domain |. L=fs,b,, .
.., b} be an itemset with items<b,< . . . < b, b, 1<i <1, 1<t < n which are
uniformly distributed over items domain I. Given thassot an empty itemset, the
probability that there exist a nodg T such that the order intersection ¢fasid
equals an item set Z, wherez@, Z#s, and 2V, is
ey = — (R G & K V% (_K
P(S, N°V, =2, Z#V,,Z0T)=( 2 22— )* (1- K )* (K)

(@H"? 24/ \oa

Proof. First we state the assumptions:
e A transaction group (hode) V¢ is in T with probability
P(V, O T) = £, whereKis the number of nodes in



* Atransaction;sand a transaction groify are each represented as a set of 1's and
0’s, where 0 in position i means itea’ does not exist, and 1 in position i
means itena; 1 does exist.

* Both Vi and 5 are not empty itemsets, i.e., the probability is conditioned, the
probability of bothV, ands; are not empty itemsets, is

PV, 2® and S #®)=P(V, z®)* P(S #®)=(1-(3)")’

e The item-set treel has alreadyK nodes, and each node either represents a
transactions group or an ordered intersection of two transactions groups.

* All Knodes inT are distinct, i.e.VzV, for all nodek, in T.

» bothV, ands are not empty itemsets,

We use the following table to demonstrate all the requirements needed ,

Shared items X OR
S At least 1 1] Osorl’s 0] Atleastl
V. | Atleast1 0| Atleast1 1| Osorl’s

The following formula gives the required probability,
x=n-1
_1 _1 -
((%*%_}_%*%)(x ) — %*%)(x ))* (%*%_}_%*%)* (1_(%)01 X))
X=

which could be written as

1-(n-)* ()" -3

Since we assume that bothands are not empty itemsets, the above formula should
be divided by the probability of boW¥ ands are not empty itemsets. Also, it should

multiplied by P(V, O T) = *-& P(Z OT) =1- . Now,

2"-1 2"-1
the complete formula could be written as
(%_(”‘1)(%)n_%(%)zn_2)* (1_ K )* ( K
(@-3"? 2"-1 2"-1
Proof of Lemma 1 We use the same assumptions given in the proof of Lemma 2. For
each new encountered transaction group, algor@bmstruct inserts either 1 node or

S =Sy
2 nodes. So, the cost function should equalBH P(s, inserts2 nodeg-

szﬁ
To insert two nodes in T, the following conditions must be satisfiedode Vv, OT
suchthats N°V, =z, Z#®,Z#V,, Z#S, V,OT,andZ0OT.
By using Lemma 2,
P(s; inserts2 nodes=P(S n°V,=Z and Z#®,Z#S,,Z#V,,Z0T)
Or

k=N 1_(n-1)(1\"_171y2n-2
Expected number of nodes= Z[H(M)*O—L)*(L)]

@@-H"? 2"-1 2"1

In the above formula, the following inequality, is always truericz 1,



2
- =%
Also, since values df could have any number between 1 ahd 2which means the
following inequality always hold

—_k V¥ (_k Yl
A-7D* (T =3
Using the above two inequalities, the upper bound of the expected number oKnodes
in an item-set tree with N transactions is
K<N@+35H) -1((-93)" +36G)")

4.2 Number of Iterations to Insert a Transaction

Lemma 3: Given an ordered set I=fji,, . . ., j}, of n items, and a set of transaction
nodes YOT, Isk<K, IsK<2™1, \(={ana, ..., g, a<a,<...<a, and items
a[], 1<i <1, 1<| < n are uniformly distributed over itemset domain I. Let{ls, by, .
.., h} be an itemset with itemsdb,< ... < b , k0, 1<i <r, 1<r <n which are
uniformly distributed over items domain I. Given that allJV and gare not empty
itemsets, the expected number of iterations algori@omstructtakes to enter a
transaction into the item-settree T is less than

1+n((n-2)*2""+1)* —K

(2"-1)°

whereK is the number of nodes T

Proof. In order to insert a transactignwith lengthl, in exactly one iteration, i.e.,
first level in the item-set tre®&, there are two cases. First case, there exits a node
v . 0O T infirstlevel of T, such thav, = Sj , while the second case, where neither

§ nor all ordered subset nodes $fare inT. In other words,y , o 1 for all
vV, 0°s;. Let p, =P, OT\V, O° S): and p, = PpP(v, OT,S; =V,)- The cost of
inserting such transaction is less than

1% (P, + Py)
Now to insert a transactiagnwith lengthl, in exactly two iterations, i.e., second level

in the item-set tred, there are two cases. First case, exactly one order subset of
does exist inl, and there exits a nodggTin second level ofT, such that\,k =S

while the second case, there exists exactly one order sulsseindfneithers nor all
other ordered subset nodes fare inT. Let P =PV, 0TV, O°S)- The cost of

inserting such transaction is less than
-1
2* (C, (PP, + P.Ry))
Since the maximum number of iterations listhe expected cost of inserting
transactiors is (pe+p®)|Z i*(CPY 1)



By following the same assumptions given in the proof of lemma 2, the

(n-2)(H)"+($)?"
expected value o is (— T omr ) ¥ (77
2

and, the expected value 6P, +P,) is 1-P,. Formula (1) could be written as
1-R)* (R*I*@+R) " +(@1+R)) 2
since (I+P) =1+IP+( -DP +....
Formula (2) could be written as
A=-P)*(R+I(1 =) +I(1 =D( 2R’ +.. +1+IR +I(1 =D +I(1 =) ( - 2P’ +...
By ignoring higher terms, the above formula could be
1+ (21 -1)Pg
Since | could go take any value betweénand n, then the expected number of
(n 2R+

iterations |sz(1+(2l =D*( @Oy — Lo ) GY)

Which could be written asl + n((n — 2)* 2" + 1) *

(2" -1)°
4.3 Number of iterations to Count The Frequency of an Itemset

Lemma 4. Given an ordered set I={ji,, . . ., }}, of n items, and a set of transaction
nodes YOT, Isk=<K, IsK<2™1, \(={ana, ..., g, &<a,<...<a, and items
a[l, 1<i <1, 1<| < n are uniformly distributed over itemset domain I. Leg{ls, by, .

, b} be an itemset with items4b,< ... < b, b, 1<i <r, 1<r < n which are
uniformly distributed over items domain I. Given that allJV and gare not empty
itemsets, the expected number of iterations algor{fflvmnttakes to count an itemset
frequency in the item-set tree T, with K nodes is

1 + (l)* (%_(n )( )n+1 ( )2n 2_n(n= )(2)2n 1) (
2 n 1-(3"? 2"-1
Proof. In order to count the frequency of an itemsgwith lengthl, whereO, andG,
are orders of first element and last elements; in, i U 5, , respectively, all itemsets
S ].p with first element has orddd, , and last element has ord®¢ , which could

haves as part of them should be checked. The number of such checks (or iterations)
is 2%7% The count stops when we reach the full sef pive will call it S jf .

So, to count the frequency of itemsgein exactly one iteration, there should be a
nodeV, T such thatSjf Oe° V, , or, with unsuccessful count, when the first visited

node Vi JT such thatS' 0°V,and V, [(° S. Let P.=P(V, OT,V, 0°S') and

Po = PV, OT,V, 0° SP) . The cost of counting such transactiomi5(|56+ |5®)



Generally speaking, to count the frequency of an itenssetith lengthl, whereO,
and G, are orders of first element and last elements, in, i [J 5, , respectively in
exactlyi iteration, The cost of counting is

|*(C2'01PePs +C2 7 P, Pm)

Since the maximum number of iterations 25" 01, the expected cost of counting
frequency of itemsed is

o~ i-1
2 01 !

(Pe+Pm)Z u*(c2°‘ Ps ) 1)

The expected value d?Psis
(n-2)(H™+ (P &
( (1-(H")? )"

since, Po+ Pe =1— Ps, formula (1) could be written as follows
20101 i-1

1-Ps) Z i*(C2 ™ P, )
which equals _

Q94 Q-

(1-R)* (R ®)(+P)" **+(1+Py)
Since, (1+ P )* =1+ xP + x(x-1)P? +.....

) )

P@ )+ PS)ZQQ_1+(1+ F’s)zq{)l could be written as
@yor (@ytn2or Z (oot
1+ (1())2 ) (2" )+ (1())2 ) *(2" )~ -@"?
Algorithm Count, applies the search for all other |temsets, start with lower order
items, i.e., items with order less th@a , one at a time. Number of such itemsets,
includings;, is O, .By neglecting higher terms, and sum over all possible itemsets, our
formula could be written as

(1)2n—o| +01-1
+ 2

Ol Ol( (1_(%)n)2 ) (2n_1

Taking an average oveD, which ranges fronO; to n, the above formula is
converted to

(%)n+01—2_(%)2n—1 * K
(n Ol+1) ( (1_(%)n)2 ) (2n

For simplification reason, since the minimum numberf is 1, we will divide the
second term by 1. Average value o¥@r , which ranges fronl to n, the above
formula , will be

1,2n-2_n(n- 1)

- -+ DR™-G) (3>
nTl + (%) * (3 = (1_?%)“)2 ) (2l|1< 1




4.4 Conclusions and Discussion

In this paper, we have introduced a new approach for association mining, called the
item-set tree approach. The new approach solves some of the problems inherent in
traditional data mining techniques, such as, data updates, accuracy of data mining
results, performance, and user queries. The spectrum of techniques that generate
association rules, has been studied, and two extreme cases have been analyzed. The
main assumption in our study is that all items are equally likely to appear in an
itemset. Although this assumption does not reflect the real life, but it gives a good
indication about the performance of the item-set tree approach.

We have discussed the item-set tree approach in details. In our approach, the
transaction file is read only once. The item-set tree approach maintains a structure to
handle frequency counting of transaction data, that allows future updates. Two
algorithms; first, to insert transactions into the item-set tree, and second, to count
frequencies of itemsets are investigated. Our investigations of the two algorithms
show that the costs of insertion and counting do not depend on the number of
transactions. The expected cost of inserting a transactie®{d), and the expected
cost of counting the frequency of an itemset is O(n), where n is the cardinality of the
domain of items. We conclude that those items that are queried most by users should
have low order values, while those items which rarely queried by users should have
high order values. This can be accomplished by using prior knowledge of the pattern
of user queries.
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